TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 249, Number 2, May 1979

EXTENSIONS, RESTRICTIONS, AND REPRESENTATIONS
OF STATES ON C*-ALGEBRAS
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JOEL ANDERSON'

ABSTRACT. In the first three sections the question of when a pure state g on
a C*-subalgebra B of a C*-algebra 4 has a unique state extension is studied.
It is shown that an extension f is unique if and only if inf||b(a — f(a)1)b|| =
0 for each a in A, where the inf is taken over those b in B such that
0<b< 1 and g(b) = 1. The special cases where B is maximal abelian
and/or A = B(H) are treated in more detail. In the remaining sections
states of the form T > limg(Tx,, x,), where {x,} .. is a set of unit vectors
in H and 9 is an ultrafilter are studied.

Introduction. In [10] Kadison and Singer studied the question: if % is a
maximal abelian subalgebra of % (I() (the set of bounded linear operators on
a separable Hilbert space) does each homomorphism of 3 have a unique
state extension to B (9C)? They showed that if D is isomorphic to L*(0, 1)
then there are homomorphisms of ¥ for which distinct state extensions exist.
More recently in [13] Reid showed that if B is a maximal abelian subalgebra
of B (IC) which is isomorphic to /(N), where N denotes the positive integers,
then there are (nontrivial) homomorphisms of ¥ which do have unique state
extensions to % (IC).

In §§1-3 of this paper we study the extension question for arbitrary
C*-algebras @ and B and give generalizations of some of the results in [10].
For example in §3 we show that if ® C @ and f is a pure state on %, then f
has a unique state extension to @ if and only if for each T in @ there is a
positive element B in 9 so that f(B) = ||B|| = 1 and the distance from BTB
to B is arbitrarily small. Using this fact we show that if ® is a maximal
abelian subalgebra of @ then each nonzero homomorphism of ¥ has a
unique state extension to & if and only if there is a conditional expectation of
@ onto P satisfying certain requirements, and that if B is also weakly closed
then this occurs if and only if @ = B + [B*, @], where [B*, @] is the
norm closure of {BX — XB: BE %$,B > 0and X € @}.
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In [20] Wils showed that there is a sequence {x,} of unit vectors in JC so
that each singular state on % (3C) may be represented as Ag[x,] where U is
an ultrafilter on N and for an operator T, Ag[x,)(T) = limg(7Tx,, x,). (Recall
that a state f on % (9() is singular if f(K) = 0 for each compact operator K
on JC.) In §4 we give the obvious generalization of this result to arbitrary
C*-algebras. We then use the information developed in the first four sections
to study states on % (IC) and states on certain subalgebras of B (I() in §§5-8.
For example in §7 we show that if C is a maximal abelian subalgebra of
% (9C), which is isomorphic to L*(0, 1), then there is an orthonormal basis
{e,} for I so that for each nonzero homomorphism k on C there is an
ultrafilter A on N so that Agfe,] agrees with & on C. Thus, if % is the
(maximal abelian) subalgebra of diagonal operators in the basis {e,}, there is
a pure state f on % (I() so that f agrees with the homomorphism 4 on € and
so that f is also a homomorphism on %. We also show that no homomor-
phism of © has a unique state extension to % (IC).

On the other hand, in §8 we show (assuming the continuum hypothesis)
that there are free ultrafilters 9 on N such that the state Agfe,] is the unique
state extension of Agle,llg (9D is the set of diagonal operators in the
orthonormal basis {e,}) and such that Agfe,] is not a homomorphism on any
subalgebra B of % (I() which is isomorphic to L*(0, 1).

Many of the results in this paper are related to the question: does each
nonzero homomorphism of ¢ have a unique state extension to B (I()?
Although we have not been able to settle this question our results do shed
some light on the matter. For example, in §8 we show that the method which
Reid used to prove that rare ultrafilters have unique state extensions to
B (IC) does not work in the general case.

1. The C*-algebra O,

(1.1) @ shall always denote a C*-algebra containing the identity I. For each
state fon @, let £, = (T in @: f(T*T) = 0} be the left ideal associated with
f. In our discussion, it will be convenient to consider two objects which are
closely related to £;.

DEFINITION. For each state fon & let

M, = {Tin &: (TX) = AXT) = (T)(X) for all X in @} and

8,=(Tin @: [f(T)| =TI = 1).

Clearly, 9, is a C*-algebra containing the identity. In fact, an element T in
@ is in 9N, if and only if T — AT)I € & N £, where £ = (T in.&:
T* € £). Indeed, if S=T — f(T)I, and S € £, N £, then for X in &,
f(8X) = (XS) = 0 = f(S)(X) by the Cauchy-Schwarz inequality, so S €
O, and, hence, T € IM,. On the other hand, if S = T — AT)I € 9N, then
f(S*S) = f(SS*) = |f(S)P =0, so S €L nL* Also, by the Cauchy-
Schwarz inequality, §, C 9, and it follows that §; is a semigroup. Note that
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a projection P (i.e. a selfadjoint idempotent) in @ is in 9N, if and only if f(P)
isOor 1, and a unitary U in @ is in O, if and only if U € §,. If 4 is a
selfadjoint element of @ such that (f(4))* = f(4?), then f((4 — f(4)I)®) =0,
so A € M. Thus I, is nothing more than the complex span of the
“definite” set of f considered by Kadison and Singer [10].

(1.2) If @ is weakly closed and f is a state on @, then 9N, contains an
abundance of projections.

PROPOSITION. Let f be a state on a von Neumann algebra & and let A be a
selfadjoint element of O, with f(A) = a. If § is a Borel subset of the real line
such that a is not in the closure of & and Py is the spectral projection of A
associated with 8, then f(Ps) = 0. In particular, Py~ € § /-

PrROOF. By the spectral theorem there is an element B in & so that
B(A — al) = Ps. Hence, f(Ps) = f(B)(A — al) = 0.

Thus, if f is a state on a von Neumann algebra, 9N, is the closed linear
span of its projections. In some cases one can say even more.

(1.3) ExaMpPLE. Let ¢ denote the cardinality of the continuum and let
{0, }ac« be a collection of ¢ infinite subsets of N such that o, N o is finite if
a # B. For example, identify N with the rational numbers and let {o,} be
subsequences which converge to distinct irrationals. Let {e,} be an orthonor-
mal basis for the separable Hilbert space I and for each a in « let P, be the
projection of JC onto sp{e,: n € ,} (sp{-} shall always denote the closed
linear span of the set within the brackets). If f is a singular state on B (IC),
then f(P,) = O for all but a countable number of a’s. Indeed, if {a, ..., a,}
is a collection of indices, then P, + P, + --- +P, <I+ K where K =
Zig P,P,.Since o, N o, is finite if i # j, P, P, has finite rank if i #j and K
is a compact operator. Thus, f(P,) + - - - +f(P,) < 1 and so there are at
most n a’s for which f(P,) > 1/n.

Note that this argument shows that if f is a singular state on B (3C) and P
is a projection on JC such that f(P) = 1, then there is a projection Q < P so
that P — Q has infinite rank (P has infinite rank since f(P) =1) and
fAQ)=1

(1.4) Of course, there are no nonzero complex homomorphisms on % (9()
as can be seen in a variety of ways. For example, this follows from the fact
that commutators (i.e., operators of the form [X, Y] = XY — YX) are norm
dense in B (IC) [4]. In fact, if f is a nonzero homomorphism on an 4 W*-alge-
bra @, then @ has an abelian direct summand. For if @ does not have an
abelian direct summand, then the real vector space generated by products of
projections in & is all of @ [2). Hence, if @ is an 4W*-algebra with no
abelian direct summand, and f is a homomorphism of @, then f is real on @,
so f must be 0.
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(1.5) REMARK. Let f be a state on @ and let {m, J(, I;} denote the
representation of @ which f induces via the Gelfand-Naimark-Segal construc-
tion. Then 9N, induces a natural decomposition of ¥ as follows. Let

I, = {x € 3: 7(T)x = f(T)x forall T € My}
and let
I, = sp{m ([T, X])I: T € M, X € &}.
Then a vector x in J(; is orthogonal to J(, if and only if
0= (x, n([ T, X))I;) = (n(T* — (T )x, m(X )
for all T in 9N, and all X in @. This occurs if and only if 7(T)x = AT)x for
all Tin 9, so ¥, L 3G, and I = I, ® IG,.

2. The map ay.

(2.1) DEFINITION. Let f be a state on a C*-algebra €. For each X in &, let

a(X) = inf(|| TXT*||: T € §,),

BAX) = inf{||[AXA||: 4 € Qf* )

¥{X) = inf{||PXP|: P € 82},
where, G, is as in (1.1), §/ denotes the positive elements of 8;, and &7
denotes the projections in §,.

(2.2) LeMMA. If f is a state on a C*-algebra @ then for each X in @,
a(X) = B(X) < y(X). If @ is a von Neumann algebra, then a; = B; = vy

ProoF. By definition a; < B; < y;. Let X be in @ and fix ¢ > 0. Choose T
in §; so that | TXT*|| < a{X) + &. Then, since §; is a semigroup,

A=T*T€S and [AXA| < |T*| ITXT*|| | T|| < afX) + e.

Thus, since ¢ was arbitrary, B(X) < a{X) and so a; = B, Now suppose that
@ is a von Neumann algebra. Fix e > 0 and X in @ and choose 4 in §; so
that |[AXA|| < B(X) + ¢/2.1f 0 <r < 1, let P, be the spectral projection of

A associated with the interval [1 — r, 1}. Then since 4 € 9N, and f(4) = 1,
P, € 62 by (1.2). Also, by the spectral theorem, ||P,4 — P,|| <r. Hence,

"PrXPr” < "PrXPr - PrAXPr" + "PrAXPr - PrAXAPr" + "PrAXAPr"
< 2r||X|| + ||AXA| < 2r|| X || + &/2 + B{(X).
Thus, since r was arbitrary y(X) < B{(X) + ¢ and, as before, y(X) = BAX).

(2.3) THEOREM. If f is a state on a C*-algebra @, then a7 '(0) = {X in @:
afX) =0} = £, + £,
PrOOF. We first show £, C o/ '(0). Let T be in £; and fix e > 0. Let B*

and B~ be the positive and negative parts of T*T — el, respectively. Then
B* and B~ are in 9, since T*T is in I, so
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0= (AT*T))* = (A(B* + (e — BY)))

= (f(B*) +2f(B*)f(el = B™) + (f(el = B7))"
Since B* >0and el — B~ >0, f(B)* =0and f(B™) =¢ =|B"|. Then
A =¢"'B™ €6/ and ||AT*TA| <e. Hence,
|ATA| < | TA|| = |AT*TA||'/* < €'/~

Since ¢ was arbitrary, a(7) = 0. Let T, and T, be in £;. We show that
T, + T} € o '(0). Fix & > 0 and choose 4, in §/ so that ||4,T\4,|| <e/2.
Then 4, € M, 50 4,T,4, € £; and there is 4, in G so that | 4,4,T,4,4,||
<e/2. Let S = A,A,. Then S € §; (§; is a semigroup) and

IS(TF + T)S*|| < ST, S*|| + [IST,S*|| <e/2 +¢/2 =

Hence, a(T, + T3) = 0. Conversely, suppose X € @ and a(X) = 0. Fix
¢ > 0 and choose 4 in §} so that |AXA| <e. Then f(4) —A=1—-AE
£ N E* Let T, = AX(I — A) and T, = X*(I — A). Then T, and T, are in
£, and

f

I1X — (T, + TH|| = ||IX — (AX — AXA + X — AX)|| = |[AX4|| <e.

Hence, X is in the norm closure of £, + £*. But by a theorem of Rudin [18],
£, + £ is norm closed and the theorem is proved.

(2.4) COROLLARY. If f is a state on a C*-algebra @ then f is a pure state if
and only if a{X — f(X)I) = 0 for each X in Q.

PROOF. f is a pure state if and only if £, + £* is the null space of f[9].

(2.5) COROLLARY. Let f be a state on a C*-algebra @ and let f, be the
restriction of f to ;. Then f is a pure state if and only if f is the unique state
extension of f, to &.

PROOF. Since f, is a homomorphism it is a pure state on 9. By a familiar
argument (see [7, 2.10.1], for example) an extreme point of the set of all state
extensions of f, to @ must be a pure state. Hence, if f is the unique state
extension of f, to @, it is a pure state. Conversely, suppose that f is a pure
state on @ and that g is a state on @ which agrees with f on 9N, Then
§,c 6, Fix X in @ and for each integer n choose 4, in G, so that
|4(X — AX)1)A,|| < 1/n (by (2.4)). Then

g(X) = lim g(4,X4,) = lim f(X)g(4,)* = f(X).

(2.6) We now give several characterizations of singular pure states on
B (IC). If fis a state on a C*-algebra @, let 9(f) be the null space of f and
let £} be the set of positive elements in £, If & is a subset of @, let S, &1
denote the norm closure of {TX — XT: T €S and X € @}.
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THEOREM. If f is a singular state on B (IC) then the following are equivalent:
(a) f is a pure state,

(b) [C’J]Lf, B (IO = N(S), and

© [EF, BOEO) = NN.

PROOF. Assume (b) is true. Let T be in O, Then T — AT)I € £, n £
and [T, X] = [T — f(T)I, X] for each X in B (I(). Hence, since £, + £* is
norm closed, N(f) = [E, N £*, B(I)]™ c £ + £F C N(f), and as in the
proof of (2.4), it follows that f is a pure state. Thus, (b) = (a). Since the
implication from (c) to (b) is trivial, it only remains to show (a) = (c). Hence,
assume f is a pure state on % (JC). Let X be in 9U(f) and fix ¢ > 0. Then
since f is a pure state and B () is a von Neumann algebra there is a
projection P in §; so that || PXP|| <e ((2.2) and (24)). Let X, = X — PXP.
We show that X, € [£}, B (I()]. Since f is a singular state, as noted in (1.3)
there is a projection Q < P so that P — Q has infinite rank and f(Q) = 1. Let
X, be the restriction of Q*X,0* to Q. Then the projection PQ* has
infinite rank in Q + 3C and PQ *X,PQ + = 0, so by [1, 7.2] there are operators
A, and Y, in B (Q*X) so that 4, is positive and invertible and [4,, Y|] =
X, Let A=A, ®0 and Y=Y, ®0+ (4;' ®0)X,Q0 — 0X,(4]' ©0),
where the 0 direct summands act on Q 3C. Then

[A» Y] = QL[AI’ YI]QJ' + QJ'X,Q + QXIQ'L =X, - 0X,Q0 =X,

Hence, ||X — [4, Y]|| = |PXP|| <e. Also, f(4) = (AQ+)=0s0 4 € £}
and the theorem is proved.

(2.7) If f is a state on a C*-algebra @, and X € @, let G(X) denote the
norm closure of the convex hull of {TXT*: T € §,}, and let G/(X) denote
the norm closure of the convex hull of {UXU*: U is unitary and U € §,}.
Note that f is constant on G{X).

THEOREM. If f is a singular state on B (IC) then the following are equivalent:
(a) f is a pure state,

(b) G(X) N CI = {f(X)1}, for all X in B (IC) and

(© GHX) n CI = (X)),

PROOF. Assume that (b) is true and let g be a state on B (IC) which agrees
with f on 9. Then §, O §, so g is constant on G(X) and, by (b),
g(X) = f(X). Hence, f is a pure state by (2.5) and (b)=>(a). Since the
implication from (c) to (b) is trivial, it only remains to show that (a) = (c).
Hence, assume that f is a pure state. Since f is constant on G(X) we need
only show f(X)I € G/(X). Let X be in B (I() and fix ¢ > 0. By (2.6) there
are operators 4 and Y so that 4 € £/ and | X — f(X)I — [4, Y]|| <e/2. By
the spectral theorem and (1.2) there are mutually orthogonal projections
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P,P,...,P, and real numbers 0 <a,<a, < --- <a, so that P, + P,
+---+P, =1 f(P)=1, PA=AP, for k=1,2,...,n, and ||P,A —
a P <e@|Y|)~" for k=1,2,...,n. Let B=P +2P,+ - +nP,
andletZ=3_, (j — k)"'P[4, Y|P,. Then [B, Z] = 2, P[A, Y]P, and

J
I[4, Y] —[B, Z]ll = max |1 P[4, Y] Pell
= max ||[4P; — aPy, P YR]| < %

Let U, = P, — (I — Py). Then U, is unitary, U, € §,(f(P,) = 1) and
sUI[B,Z]U, +5[B,Z] = (I - P)[B, Z](I — P).
Let U, = P, + P, — (I — P, — P,). Then U, is unitary, U, € §, and
%Uz(I - PI)[B’ Z](I - P)U, +%(1 - Pl)[B’ Z](I - P)
=(I- P, - P)[B,Z|(I1- P, - Py).

Applying this procedure n — 2 more times, we obtain unitaries
Vi, Va ..., V,, and real numbers ¢, ¢,,...,%,s0othat 0 < < 1forl <
<Sm, 1y +t,+---+t, =1 V,€8 for j=12,...,m and
37 4V][B, Z]V} = 0. Hence,

IZ §V,XVF — AX)| = IZ 4V(X — AX)I —[B, Z]))V}|
< |IX - f(X)I - [B, Z]|
< || X — (X)) —[A, Y]|| + ||[A, Y] —[B, Z]||
<e/2+¢ef2=c¢

Since € was arbitrary, f(X)I € G/(X), (a) = (c), and the theorem is proved.

(2.8) REMARK. If f is a singular state on B (3() and I(;, I, and I(; are as
in (1.5), then f is a pure state if and only if 7(IM,)|q, is irreducible. Indeed, if
f is a pure state, the transitivity theorem [7, 2.8.3] shows that 7{I)|q is
irreducible. Conversely, if 7(9W,)|q, is irreducible, choose a projection P so
that P and P have infinite rank and f(P) = 1. Let W be a partial isometry
so that W*W = P and WW* = P, and let g = f(W* - W). Then g(P*) =
f(P)=1 so g is a state. Let h be the restriction of g to 9N,. The map
m(T)1, > n{T)n(W)I; determines a unitary transformation U such that
Um (M) U* = w(IMy)|s,. Hence, m,(IM) is irreducible and h is a pure state
on 9. If X is an operator, then P*XP* € IM,, so g(X) = h(P*XP 4.
Thus, g is the unique extension of A to B (JC). Hence, by (2.5) g is a pure
state on % (IC) and so f = g(W - W*) is a pure state.

3. Uniqueness of state extensions.
(3.1) Throughout this section @ and B shall always denote C*-algebras
such that I € % c @. We first characterize the pure states f on % which
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have unique state extensions to @ in terms of compressions of elements of @
by elements of §;.

DEFINITION. Let f be a state on B . We say that @ is B -compressible modulo
fif for each X in @ and each & > 0 there is Bin §} and Y in 9 so that
|BXB — Y|| <e.

Note that if f is any state on % such that @ is % -compressible modulo f
then f has a unique state extension to @. For if g and h are states on & which
agree with fon B and X € @, we may choose B, in §; and Y, in B so that
| B,XB, — Y,|| — 0. Since g and k agree with fon %, 8, c §, N §, and

g(X) = lim g(B,XB,) = lim f(Y,) = lim h(B,XB,) = h(X).

(3.2) THEOREM. If f is a pure state on D then f has a unique (pure) state
extension to @ if and only if @ is B -compressible modulo f. In fact, if g is the
unique pure state extension of fto @ and X € @, then for each ¢ > 0 there is B
in 8} so that ||B(X — g(X)I)B| <e. If B is a von Neumann algebra, B may
be taken to be a projection.

PROOF. As noted above if @ is B -compressible modulo f, then f has a
unique state extension to @ which must be a pure state [7, 2.10.1]. Conversely,
suppose that g is the unique pure state extension of f to @. Then, by [7, 2.10.1]
for each selfadjoint element 4 in &, g(4) = sup{f(B): B € B, B < A}. Let
X be in @ and fix ¢ > 0. We will show that there is B in §/ so that
|1B(X — g(X)I)B|| <e. Since g is a pure state, X = T, + T3 + g(X)I,
where T, and T, are in £,. Let 4, = T} T, and choose B, in ® so that
—B, < — A, and f(—B)) + r > g(—A4,) = 0 where 0 < 2(2r)'/? < &. Then,
0 < A, < B, and r > f(B)) > 0. Since f is a pure state on B, a(B, — f(B))])
= 0 by (2.4). Hence, there is C, in S/ so that ||C\(B, — A(B)I)C,\|| <r.
Then 0 < C,4,C, < C,B,C, so

ICiA,Cill < |C,B\Cyll < |Cy(By — ABYI)C,|| + f(By) < 2r.

Since C, € M, c IM,, T,C, € £,. Let 4, = C,T3T,C,. Then, as above,
there is C, in 8;" so that ||C,4,C,|| < 2r. Let B = C,C7C,. Then B € §}
and
|B(X — g(X)I)B| = ||B(T, + T3)B|| < ||BT,B| + || BT3B

< ITyB|| + IITyBIl = | BT T,B|'/* + | BT} T,B||'/ < 2(2r)'/2.
If % is a von Neumann algebra, as in (2.2) we may choose a spectral
projection P of B so that P € §; and || PB — P|| is small. It then follows (as
in (2.2)) that | P(X — g(X)I)P|| is small and the theorem is proved.

(3.3) We say that B has the extension property relative to @ if each pure
state of 9 has a unique pure state extension to €. We now restrict ourselves
to the case where b is maximal abelian in @ and give several characteriza-
tions of C*-algebras % with the extension property relative to &.
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Recall that a conditional expectation © is a linear map of @ onto ®
satisfying (i) ©(4,) < ©(4,) if 4,4, € @ and A, < 4,, (i) (TX) =
O(T)O(X) and O(XT) = O(X)O(T) for all T in B and all X in @, (iii)
O(T)= T forall Tin B and, (iv) ||©] = 1.

(3.4) THEOREM. If B is a maximal abelian subalgebra of @ then B has the
extension property relative to @ if and only if there is a conditional expectation
O of @ onto B such that for each homomorphism h of B and each state f on &
which agrees with hon B, f= h o 8.

ProOF. Clearly, if © is such a conditional expectation, % has the extension
property relative to @. Conversely, suppose each homomorphism 4 of B has
a unique pure state extension f, on @. Let ¥ (D) be the set of homomor-
phisms of % . Since % is abelian, ¥ (%) with the weak*-topology of B is a
compact Hausdorff space and the Gelfand transform ¥ is an isometric
isomorphism of % onto C(? (%)), the continuous functions on ¥ (B). We
define a map @ of @ onto C(P (%)) by ®(X)(h) = f,(X) for each X in & and
each h in P (D). Since f, is the unique extension of h, ®(X) is well defined for
each X in @. We now show that ®(X) is continuous. Fix 4 in (%) and X in
@. Let £ and r be positive real numbers and let ®(X)(h) = A. Since f, is the
unique extension of the pure state h, by (3.2) there is B in §; so that
IB(XX — f(X)I)B|| <r. Let ¥V ={k in P(B): k(B) = ¥(BXk) >1—r}.
Then if k € V,

|2(X)(k) — Al = |f(X) = Al < [fiX) — £(BXB)| + |(BXB) — A|
<11 = (KB 14(X)| + |f(BXB) = Mf(B))’
+A 1 = (K(B))
<21 = £BN(AX)] + ) + |A(B(X — AI)B))|
<2r(| X)) + A + r.
Hence if r is chosen appropriately, ®(X) maps the open set ¥ (which contains
h) into {p € C: |p — A| < ¢}, so ®(X) is continuous. Hence, ®(X) = ¥(T)
for some unique T in ® . Define ® on @ by © = ¥~ '®. It is easy to see that
O is a conditional expectation. For example, if T € % and X € @, then for
each 4 in ?(B),
h(O(TX)) = ¥(6(TX))(h) = ®(TX)(h) = f(TX)
= (T)u(X) = H(O(T)O(X)).
Since 9P (%) separates points in B, O(TX) = O(T)O(X). Note that f,(X) =
D(X)(h) = ¥YO(X)(h) = h(O(X)); i.e., f, = h o O. The theorem is proved.
Note that if B is not maximal abelian in & then % is contained in a

maximal abelian subalgebra %, of @ and by the Stone-Weierstrass theorem
% does not even have the extension property relative to %,.
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(3.5) Note the connection between (3.4) and Lemmas 1 and 2 in [10]. We
now give a generalization of Lemma 5 in [10].

DEFINITION. Let % be a maximal abelian subalgebra of @ and let 4 be a
nonzero homomorphism on %. We say that a subset {B,..., B,} is a
partition of unity subordinate to h if 0 < B; < I fori=1,2,...,n, B, + B,
+:--+B,=1Iand h(B,) = 1,h(B,) = - - - = h(B,) = 0. We say that @ is
B -compressible if for each nonzero homomorphism 4 on 9B, for each X in @
and each € > 0, there is a partition of unity { B, ..., B?} subordinate to h
and Y in B so that |B(X — Y)B,|| <efori=1,2,...,n Wesay that @ is
orthogonally % -compressible if @ is % -compressible and the partition of unity
can always be taken to consist of mutually orthogonal projections.

(3.6) THEOREM. If B is a maximal abelian subalgebra of @, then B has the
extension property relative to @ if and only if @ is B -compressible. If B is a
weakly closed maximal abelian subalgebra of @, then B has the extension
property relative to @ if and only if @ is orthogonally B -compressible.

PRrOOF. The proof is essentially the same as the proof of Lemma 5 in [10].
Clearly, if @ is % -compressible, then @ is % -compressible modulo A for each
h in P (%), the nonzero homomorphisms on %, and so by (3.2) ® has the
extension property relative to @. Suppose that 3 has the extension property
relative to @. Let X be in @, let hy, be in P (B) and let € be a positive real
number. We shall construct a partition of unity with the required properties.
By (3.4) there is a conditional expectation ® of @ onto ®. Let X, = X —
©(X) and choose a real number r so that 0 < 4r||X,|| + r <e. By (3.2) for
each homomorphism 4 of %, there is C, in §; so that ||C,X,C;|| <r
(o(X)) = h(O(X))) = 0). Let V, = {k in P(B): k(C,) > 1 —r} and let
W, ={k € P(B): k(C;) > 1 — 2r}. By Urysohn’s Lemma there is a posi-
tive element C, in B so that k(C,) = 1 if k € V,, k(C,) =0 if k & W, and
ICyll = 1. Then ||C,(I — C})|| < 2r and it follows (as in (2.2)) that ||C, X ,C,||
< 4r||X,|| + r <e. Since the collection {¥,} is an open cover for P(B),
there is a finite subcover {V,, V,,...,V,} C {V,}. Let V; =V, and
C,=C, fori=1,2,...,n By a standard argument (see [17, p. 41], for
example) there is a partition of unity { B, ..., B} C % so that B*C; = B}
for i=1,2,...,n and hy(B2) = 1, ho(B}) = - - - = hy(B2) = 0. Then for
each i, B,C, = B; so ||B,X,B,|| < ||C;X,C;|| <e. Thus, @ is B -compressible.
If % is weakly closed and @ is orthogonally % -compressible then @ is
% -compressible so b has the extension property relative to @ by the first
part of the proof. Conversely, if % is weakly closed and has the extension
property relative to @, then P (%) is extremely disconnected. Hence, arguing
as before, we obtain open sets V,, ..., ¥, which cover #(®) and elements
C,Cy...,C, of B such that 0 < C, <1, h(C;) =1 for all h in ¥V, and
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ICX,C|l <efori=12...,n. (As before X, = X — ©(X) for some X in
@.) Then the closure ¥;~ of each ¥ is open and Q,, the characteristic function
of ¥,7, is in C(? (D )). Furthermore Q; < C,, for 1 <i < n. Hence |0, X, Q||
<e for each i. Let P,=Q, and P,=(P;+--- +P,_)*Q, for i=
2,...,n Then {P,, ..., P,} is a partition of unity consisting of mutually
orthogonal projections and hy(P;) = 1 for exactly one projection P,. Since
P, < Q, for each i, @ is orthogonally % -compressible.

(3.7) For each X in @ let Gg(X) be the norm closure of the convex hull of
{UXU*: U is a unitary element in B }.

COROLLARY. If B is a weakly closed maximal abelian subalgebra of @ then
the following are equivalent:

(a) B has the extension property relative to &,

®) B + [B*, @] = @ (+ denotes the algebra direct sum) and,

() Gg(X) N B contains exactly one point for each X in @. (In fact, this
point is O(X) where © is as in (3.4).)

PrROOF. Assume that ® has the extension property relative to @. Then by
(3.6) @ is orthogonally % -compressible, and by (3.4) there is a conditional
expectation © of @ onto B. Let X be in & and fix e > 0. Let X; = X —
O(X). Then there are mutually orthogonal projections Py, P, ..., P, in B
so that P+ P, + -+ +P,=1and |PX\P| <efori=12,...,n Let
A=P +2P,+ -+ +nP,andlet Y =3, (i —j)"'P.X,P,. Then 4 > 0,
AERB and [4, Y] =X, — ZPX,P. So || X —OX) —[4, Y] =
IZP.X,P,|| = max||P.X,P;|| < e. Since ¢ was arbitrary (a) = (b). Now assume
that (b) is true. We show (b) = (c). First note that if f is a state on @ such
that f is a homomorphism on ® then ® C 9, and f is constant on Gg(X)
for each X in @. Hence, since & (B ) separates points of B, G4(X) contains
at most one element of B . So it suffices to show that Gg(X) N B # I for
each X in @. This is accomplished by an obvious modification of the proof
that (a) = (c) in (2.7). Note that if © is a conditional expectation on & as in
(3.4), and Gg(X) N % = (T}, then for any h in P(B), K(T) = fi(X) =
h(O(X)), and since P (B ) separates points of B, T = O(X). Finally, assume
that (c) is true. If f and g are states on @ which agree with a homomorphism A
on B, then §, N §, D {unitary elements in % } and so f and g are constant
on Gg(X). Since Gg(X) N B # I, f = g and the corollary is proved.

(3.8) REMARK. If we do not require that ® is abelian, then the relationship
between the extension property and compressibility is not as clear. In fact, if f
is a pure state on a von Neumann algebra @ such that 9, # @, then by
(3.2), for each X in @ and each & > 0, there is a projection P in §, so that
IP(X — AX)I)P|| <e. If we let Y = P*XP* + f(X)P, then Y € IM,,
|P(X — Y)P|| <e and |[PL(X — Y)P*| =0 so that @ is “OMN,-compress-
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ible”. However, 9, does not have the extension property relative to Q.
Indeed, in the notation of (1.5), I(; = sp{l;} since f is a pure state (by the
transitivity theorem) and JC, % {0} since f is not a homomorphism (M, #
@). Let x be a unit vector in H, and let y = (1/2)"%(I, + x), z = (1/2)"/%(J;
— x). Then the pure states w, ° m; and w,  m; agree on I, since I, is
reducing for 7(9W;) but are distinct by the transitivity theorem.

4. Wils’ Theorem.

(4.1) In his thesis [20] Wils showed that there is a fixed sequence {x,} of
unit vectors in IC so that each singular state on B (JC) has the form Aq[x,]
for some ultrafilter @ on N. In this section we present the obvious generaliza-
tion of this result to arbitrary C*-algebras.

Let k be a set. If we endow k with the discrete topology, then Bk, the
Stone-Cech compactification of k map be regarded as the set of ultrafilters on
«, where « is identified with the principal ultrafilters. In particular, for each
subset 6 of k the set W(s) = {U in Bx: ¢ € AU} is a closed-open set in Bk
and the family { W(0)}, where o ranges over all possible subsets of k, is a base
for this topology. Recall that if ¢ is a function on k taking on values in a
compact Hausdorff space A, then there is a unique continuous map ¢, of B«
into A which extends ¢ given by ¢,(U) = limg, ¢(a) = N {@(0)": 06 € U}
for each @ in .

DEFINITION. Let { f,} be a family of states on a C*-algebra @ indexed over
a set k. Then & (&), the set of states on @ provided with the weak*-topology
of @ is a compact Hausdorff space and so the map a+> f, has a unique
continuous extension to all of Bx. We denote the extended map by A[f,] and
its value at an ultrafilter A by Ag[f,]. Then Aqf f,] = limg f, and it is easy to
verify that for each X in @,

Aa[ £)(X) =lim £,(X) = N {F(o): 0 € U),

where F(o) = {f,(X):a E0}".

(4.2) Since the map A[f,] defined above is continuous, its range is a
compact subset of &(@). It follows that the extreme points of the weak*-
closure of the convex hull of the range of A[f,] are in the range of A[f,]. In
particular, if convex combinations of elements in the range of A[f,] are
weak*-dense in & (@), then the range of A contains the pure states of &. As
Dixmier has observed [7, 3.4.1], this will occur if the range of A[f,] is total in
the following sense.

DEFINITION. We say that a subset R of the set of states on a C*-algebra @
is total for @ if for a selfadjoint element 4 in &, f(4) > 0 for all f in R
implies that 4 > 0.

(Equivalently, if 4 is a selfadjoint element of @ which is not positive, then
there exists a state fin R so that f(4) < 0.)
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Let & (@) denote the weak*-closure of the pure states on the C*-algebra @.
S (®) is called the pure state space of @.

(4.3) ProposITION. If { f,} is a family of states on a C*-algebra @ indexed
over a set « such that the range R of the map A[f,] from Bx into & (@) is total
for @, then (@) C Q. In particular, if {f,)} is total for @, then S(@) C R.

PROOF. As observed above, R is compact. Since R is total for @, by [7,
3.4.11 R~ = R contains the pure states of @. Hence, S(€) c }.

If {f,} is total for &, then & is total for &, because for each B in «, fg has
the form A, f,], where QU is the principal ultrafilter which contains { 8}.

(4.4) We shall use the following characterization of the pure state space of a
von Neumann algebra which is due to Glimm [8, Theorem 4): if & is a von
Neumann algebra with center £, a state fon @ is in (&) if and only if fis a
homomorphism on € and f = ¢f, + (1 — ¢)f,, where 0 < ¢ < 1, f{(E) = 1 for
some abelian projection E in @ and f,(E) = O for all abelian projections E in
@.

If x is a unit vector in a Hilbert space JC, the vector state w, determined by
x is the map T+ (Tx, x) for T in B (I(). If {x,} is a family of unit vectors
indexed over a set k we shall denote the map of Bk into & (% (3()) which the
collection of vector states determined by the family {x_,} induces (as in (4.2))
by A[x,]). Thus, if A € Bk, Ag[x,)(T) = limg(Tx,, x,) for T in B (I).

5. States on B (90).

(5.1) We first assume that JC is a complex Hilbert space of infinite (but
arbitrarily) dimension.

Let {x,} be a set of unit vectors in JC indexed over a set k. The map
a - x, for each a in k extends uniquely to a continuous function of Sk into
the unit ball of IC with its weak topology. Hence for each ultrafilter U in Bk
there is a unique vector y in JC such that || y|| < 1 and limg(x,, z) = (, 2)
for all vectors z in JC. We denote this relationship by x, — y(U). It is readily
verified that if x, = y(), then || y|| = 1 if and only if limg)|x, — y|| = 0. We
denote this circumstance by x, — y(U).

A projection in % (IC) is abelian if and only if it has rank 1. Thus, a state
on B (IC) takes the value 1 at an abelian projection if and only if it is a vector
state, and a state annihilates the abelian projections if and only if it annihi-
lates the compact operators on J(, i.e. if and only if it is a singular state.
Since the center of B (I() is trivial, by Glimm’s theorem & (B (I()) consists
of convex combinations of vector states and singular states. We now use these
facts to show that & (% (9(C)) is the continuous image of SN.

We shall say that a set of unit vectors {x,} is total for B(I() if the
associated vector states are total for % (JC). Elements of B (JC) shall be
called operators.
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(5.2) LEMMA. If {x,} is a set of unit vectors in IC indexed over a set k and U

is an ultrafilter on «, then the state Nq[x,] is a singular state if and only if
x, = O(AU).

PROOF. Let y and z be vectors in JC and let y ® z be the operator which
maps the vector x to (x, z)y. Then finite linear combinations of operators of
this form are uniformly dense in the set of compact operators on JC. Hence,
Aqfx,] is a singular state if and only if Ag[x,}(y ® z) = O for all vectors y
and z in JC and this occurs if and only if (limg(x,, z))(lime(y, x,)) = O for all
y and z in 3. The lemma is proved.

(5.3) THEOREM. If {x,} is a set of unit vectors in I, indexed over a set «,
which is norm dense in the set of all unit vectors in IC, then A[x,] maps Bk onto

S (B (30)), the pure state space of B (I().

PrOOF. If A4 is a selfadjoint operator which is not a positive operator, then
(Ax, x) < 0 for some unit vector x in JC. Since the x,’s are dense in the set of
unit vectors, (A4x,, x,) < 0 for some index a, so {x,} is total for % (I().
Hence, by (4.3), (% (()) is contained in the range of A[x,]. To show the
reverse inclusion, let A be an ultrafilter on «; then x, — y() for some y in
JC with ||y|| < 1 as we noted in (5.1). If ||y|| =1, then x, — y(U) and
Aq[x,] = w, so that Ag[x,] € S(B(I()). If y = 0, Ag[x,] is a singular state
by (5.2) and, again, Aq[x,] € (%D (I)). So suppose that ||y||> = ¢ where
0<t< 1. Letz=1t""% and for each a in k let z, = (x, — y)||lx, — y||~"
Then z, = O(U) so the state f = tw, + (1 — )Aqfz,] is in §(B(I)). We
show that f = Agq[x,]. Indeed, if T is an operator, then

A‘?l[xa](T) = IIG{Ln (Txa’ xa)
=7+ lim (19, 2,)llx, = Yl + lm (T2, 2)l%, =

because limgllx, — y||> = 1 — ¢. Since z, = O(U), limg(Ty, z,) =
limg(z,, T*y) = 0. Hence, Ay[x,] = fand the theorem is proved.

Of course, the map A[x,] is not one-to-one since for each unit vector y in
9C, there are distinct ultrafilters A and V so that

lim|x, =yl = lim|lx, — y|| = 0.

One might expect, however, that if ¢ and 7 are subsets of x such that
inf{||x, — x4ll: «a €0, B €7} >0 and U and YV are ultrafilters such that
6 € U and 7 € V, then Aq[x,] # A«fx,]. Our next results show that this is
not the case.

(5.4) Henceforth, we shall assume that 9C is a separable complex Hilbert
space with a fixed (infinite) orthonormal basis {e,}. Let 9 be the diagonal
operators in {e,}. (Thus, an operator D is in % if and only if each e, is an
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eigenvector for D.) We shall show that for each free ultrafilter A on N there
are many sequences {x,,} of unit vectors such that inf, , ||x,, — e,|| > 0, but
Agfe,] = Aq[x,,] for some ultrafilter V' on N. Thus, the map A[x,] of the
previous paragraph is noninjective in a “nontrivial way”. Also our results give
an indication of the form which a sequence { x,,} of unit vectors must have in
order that Age,] agree with A«fx,,] on 9D, but disagree on % (I(C).

(5.5) Let (N X N)* denote all ordered pairs of integers (i, j) such that i # j
and let @ be a one-to-one map of (N X N)* onto N. Let @ and b be complex
numbers such that 0 < |a| < 1 and |a|* + |b*> = 1. For each integer m let
i(m) and j(m) be the first and second coordinates of 8 ~'(m), respectively, and
let x,, = ae,,,, + be;,,. For each subset o of N let P, be the projection of }
onto sp{e,: n € ¢}.

THEOREM. If QU is a free ultrafilter on N, then there is a free ultrafilter “V on
N so that Agfe,] and A«[x,,] agree on D, where {x,,} is as above.

PROOF. Let § be the ideal of compact operators in D and let & be the
C*-algebra 9 /9. View A[x,,] as mapping BN into & (D) and let = be those
ultrafilters V" on N such that x,, = O(V). Then = c BN — N, and for each
% in =, A«fx,,] is a singular state (on % (I()). In particular, A«[x,)($) = 0.
Hence, &’ = {Aq[x,,]: V € E} may be regarded a subset of &(&). We show
that R’ is total for @. Let = be the natural map of % onto @. Recall that
7(D) = #(D)* in & if and only if #(D) = w(A4) for some selfadjoint element
A in 9. Hence, if m(A) is a selfadjoint element of & which is not positive in
@, we may assume that 4 is a selfadjoint element of 9. Since 7(A4) is not
positive, for some ¢ > 0, 6, = {n: (4e,, e,) < — e} is infinite. Let 7 = {m:
i(m) € o,,j(m) € o,}. Clearly, there is a free ultrafilter V on N so thatr € V
and x,, — O(V). Then A«fx,,[(4) = A«[x,(7(4)) < — e. Since V € =, R’
is total for &. Since the range of A[x,,] restricted to = is compact in & (D), it
is compact in & (@). Hence, by [7, 3.4.1] R’ contains the pure states (= the
pure state space) of @. Since Agfe,] is a pure state on @, the theorem is
proved.

(5.6) THEOREM. If U and V are ultrafilters such that Agle,] and A«fx,,]
agree on %D (where {x,,} is as in (5.5)) then Aqfe,] = Aq[x,,).

PROOF. Let p, = {m: i(m) <j(m)} and p, = {m: i(m) > j(m)}. Then pu; U
p, = N so either p; € V or u, € V. Since the proof is the same in either case,
assume g, € V. For each operator T,

Ay x, |(T) = |af? li}‘}l (Teyimy €imy) + ab* li({rn (Teiimy ej(m))
+a*blim (Temy em) + |5 UM (Temy €om)

= |alf,(T) + ab*$\(T) + a*b&y(T) + |BIf(T),
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where f, and f, are the states and £, and £, are the linear functionals which
this decomposition determines. Note that since i(m) # j(m) for all m, £,(D)
= ¢,(D) = 0 for all D in . Thus, on D, Agfe,] = Aq[x,.] = |a*f, + |b|%>
and, since Aq[e,] is a pure state on D, f, = f, = Agfe,] on B (I(). Also, for
each operator T, £,(T) = (§,(T*))*. Thus, to prove the theorem, it suffices to
show that ¢, = 0. Assume that for some operator T with ||T|| =1, §(T) = A
# 0. We will show that this assumption implies that A«fx,] is not a homo-
morphism on %, a contradiction. For each integer i, let p, = {j: |(Te; ¢)|
> 1A} and let n, = min{n: 1n|A]* > 1}. Then, since ||Te| < ||T|| = 1, the
cardinality of each p; is no greater than n,. Let 1 = (U ;{m: ji(m) € p,}) N 1.
Then 7 € V, for otherwise |£,(T)| < 3[A|. Partition 7 into at most n, subsets
so that if k and m both belong to the same subset, i(k) # i(m). Since exactly
one of these subsets is in V¥, we may assume that 7 enjoys this property. For
each integer j the set o, = {i: |(Te, ¢)| >3|A|} has cardinality at most n,
because || T*¢|| < ||T|| = 1. Hence, arguing as above, we may assume that if
k and m are distinct integers in 7, then i(k) # i(m) and j(k) # j(m). Since
T C p,, for each m in 7 there is at most one integer k in 7 so that j(k) = i(m)
and at most one integer p so that j(m) = i(p). Thus, 7 can be partitioned in a
natural way into linearly ordered chains such that if m is in a given chain, its
unique successor (if it has one) is that element p in 7 such that j(m) = i(p)
and such that if K and m belong to distinct chains, then {i(k),j(k)} N
{i(m), j(m)} = &. Form 7, by choosing every other element of each chain,
and let 7, = 7 — 7,. Then either 7, € V or 7, € V. Since the proof is the
same in either case, assume 7, € V. Then if k and m are distinct elements of
. (i), j(O)) N {i(m), j(m)) = B. Let o = {i(m): m € 7). Then
(P,x,, x,,) = |a|* for all m in 7, since i(m) € o, but j(m) & o. Hence,
A«[x,,J(P,) = |a|* so A«[x,,] is not a homomorphism on ) and the theorem is
proved.

(5.7) For each x in J(, let #§(x) be the cardinality of {n: (x, e,) # 0}, where
{e,} is a fixed orthonormal basis for JC as before.

THEOREM. If {x,,} is a sequence of unit vectors in JC such that sup, #(x,,) <
00 and U and V are ultrafilters on N such that A<[x,,] agrees with Ag[e,] on
D, then A«[x,] = Agfe,]-

PrOOF. In order to simplify notation we only consider the case sup,,#(x,,)
= 3. The proof in other cases is similar. So assume x,, = a,,€;,ny + b,.€(m +
Cmei(my Where |a, > + |b,[> + |c,|* = 1 and i(m), j(m) and k(m) are distinct
for each m. Let a = limya,,, b = limyb,, and ¢ = limyc,, and let x,, =
ae,, + bey,, + cen. Then ||x, || = 1 and lim«j|x,, — x,,|| = 0, s0 Aqfx,,] =
Ao[x,). Thus, Aqfx,,] = |af¥f, + b, + [c[¥; + & where f, = Aqleim) fo =
Al€m) f = Aof€(,] and £ is the linear functional comprised of the six
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cross-terms. That is, £ =§, + & + - - - +§; where, for example, §,(7) =
ab*lim(Te;,,, €m) and £X(T) = a*b lim(Te;,,), €,,)- Since i(m), j(m) and
k(m) are distinct for each m,
Aq[€,](D) = A[x,](D) = |afy(D) + |b[f(D) + |c[f,(D)

for each D in 9 and, as in the first part of the proof of (5.6), f, = f, = f; =
Aoje,]. Suppose that |c| = 1 and letg = (1 — |c[)~'(|al¥, + &, + & + |b]F).
Then g is a state on B (IC) and g agrees with Agfe,] on . Furthermore, g
has the form considered in (5.6). Hence, g = Agfe,] by (5.6). Thus, §, + &, =
0. Similarly, &, + §, = & + &= 0s0 £ = 0 and Agyfe,] = Aqfx,,)

6. States on U (n)).

(6.1) We continue to assume that {e,} is a fixed orthonormal basis for JC.
Let {n;} be a sequence of distinct integers, let ny =0 and letd, = n;, — n,_,
for j=1,2.... Let 3G =sp{e,: m_, <n<mn} for j=1,2,.... Then
{3} is a family of mutually orthogonal subspaces of JC such that the
dimension of I is d; and IC = = @ 3. We define W(n) to be = D
B (3G)). Thus, a typical element of U () has the form T = = @ T, where T,
acts on J; and || T|| = sup;|| T;||. A projection in U (n)) is abelian if and only
if it has the form Zz; ® z; where for each j, z; € J(; and ||zj|| isOor 1. (z ® z
is the operator defined in the proof of (5.2).) Each ultrafilter QU on N induces
a trace trq, on W(n;) as follows. Let tr; be the canonical trace on B (J()
normalized so that try()) = 1, where ; is the identity on J(. Let P; be the
projection of JC onto IJ(, and for each T in UW(n) put tre(T) =
limg, try(P,T).

In this section we show that many states on GZlf(nj) have the form Agy[x,]
where each x, € J(; for some j and {n: x, € ¥} is finite. For example, if U
is a free ultrafilter on N and d; — oo, trq, has this form. Also, we show that if f
is a state on U (n;) such that f(P,) = 0 forj = 1,2.... and such that fis a
homomorphism on % (the diagonal operators in the basis {e,}), then f has
this form. This is of interest since it follows from (8.2) that a homomorphism
of 9 has a unique state extension to % (J() if (and only if) it has a unique
state extension to U (n;) for all sequences {n;}.

(6.2) Let {x,} be a sequence of unit vectors such that each x, € I for
some j, {n: x, € 3} is finite for each j and for each unit vector y in J(; there
is an n so that ||x, — y|| < 1/j.

THEOREM. If f is a state in &(UW(n)) such that f(P) =0 for each j, then
f = Aqlx,] for some free ultrafilter U on N.

PrOOF. The proof is similar to that of (5.5) so we omit the details. As in
(5.5) one shows that the restricted range ¢/’ of A[x,,] is total for @ where now
@ is UW(n) modulo the compact operators in U (n;). The theorem then
follows by [7, 3.4.1].
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(6.3) CorROLLARY. If lim; d; = oo and O is a free ultrafilter on N then there
is a free ultrafilter V' on N so that trg, = A«[x,].

ProOF. The center Z of U (n) is generated as a von Neumann algebra by
{P;}. Hence, trq is a homomorphism on Z. Furthermore, for any unit vector
zin ¥ tr(z ® z) = 4. Thus, since % is a free ultrafilter and d, — oo,
trq(E) = 0 for all abelian projections E in U (n,). So by Glimm’s theorem
trq, € &(W(n)) and, since tre(P;) = O for all j, trq, has the desired form by
6.2).

(6.4) THEOREM. If f is a state on W (n;) such that f is a homomorphism on ),
then either f(P) = 1 for some abelian projection P in D or else f(E) = 0 for all
abelian projections E in W(n). In particular, if f(P;) =0 for all j then
f = Aqx,) for some free ultrafilter V on N.

PROOF. By our hypothesis, f agrees with Ag[e,] on 9 for some ultrafilter U
on N. Assume that f(P) = 0 for each abelian projection P in %) and assume
that f(E) = a > 0 for some abelian projection E in U (n). We show that
these assumptions lead to a contradiction. As remarked in (6.1) E = 2z; ® z;
where z; € J(; and ||z;|| is 0 or 1 for each j. For each pair of integers (J, k) let
7% = {n: |(z, e)} >k~'}and let 7, = U, ;. Then the cardinality of each
Ty is at most k since ||z|| < 1. Hence, the projection P, (onto sp{e,: n € 7,})
is the sum of at most k abelian projections in % and so f(P,) = 0 for each
integer k. Thus, P,* € §, and so f(4,) = a, where A, = P_"EP". Lety, =
P,;"zj for each pair of integers j and k. For each subset p of N let o(p) =
U, e,{n: ni_y <n < n;}. For each integer k, let p, = {j: || yull > 1a}. Then
1Py Ak Pooyll <34, 50 o(p,) € U for each k. Choose k > 16a =2 Then if
J € P o €)1 < 167 'a? for each n and =,|(yu €,)* > 47 'a>. Hence for
each j in p, we may partition the interval {n,_, <n < n;} into r subintervals
Bits Bizs - - - » By, 50 that 2, [(vu €,)* < 87'a® for 1 <i < r, where r does
not depend on j. (Some of the w;’s may be empty.) Let = U;u; for
1<i<r.Then p, U - - Up = 0o(p), so i € AU for exactly one i. Say
p € . Then |P, AP, | < 8 '/, but f(P,A,P,)= a, a contradiction.
This proves our first assertion. Since ) contains the center Z of W (n,), fis a
homomorphism on €. Thus, by our first assertion and Glimm’s theorem,
S € §((n)). Hence, if f(P)) = 0 for all j, f has the desired form by (6.2).

7. States on C.

(7.1) Let 3C = L*0, 1), the square integrable functions on the real interval
[0, 1] with Lebesgue measure A. Let L*(0, 1) be the essentially bounded
functions on the same measure space. Then each ¢ in L*(0, 1) determines an
operator M, on L*0, 1) by the formula M_f = gf for f in L*0, 1). Let
C = {M_: ¢ € L*(0, 1)}. Then C is a maximal abelian subalgebra of ® (().
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In [10]) Kadison and Singer showed that there are many disinct conditional
expectations of % (JC) onto C and used this fact to infer that not all
homomorphisms of © have unique state extensions to % (IC). In this section
we show that the orthonormal basis {¢,} formed by the Haar functions is
total for C. It follows from this fact and some of our previous results that

(i) each homomorphism 4 on G, as distinct state extensions to B (I(), and

(ii) for each homomorphism 4 on C there is a pure state f on % () such
that f agrees with # on C and f is a homomorphism on ) (the diagonal
operators in the basis {¢,}).

(7.2) We recall the definition of the Haar functions. For each integer j and
each integer i < 2/ let x;; be the characteristic function of the interval
[(i — 1)/2,i/2/). The Haar functions {¢,} are defined as follows. Let

=L =X~ X Piav = (21/2)'(7(2:—1,,'“ - Xzi,,'+|)

forj=1,2,... and 1 <i < 2. Clearly, the system {¢,} is an orthonormal
subset of L0, 1). In fact, the Haar functions form an orthonormal basis for
L0, 1) [12, p. 49].

If & is a Borel subset of [0, 1], let P; be the projection in € induced by x;,
the characteristic function of 4.

THEOREM. If h is a nonzero homomorphism of C, then there is a free
ultrafilter U on N such that h and Aqf@,] agree on C, where {¢,} denotes the
Haar functions.

PRrOOF. By (4.3) it suffices to show that {¢,} is total for C. Let M, be a
selfadjoint element of norm 1 in @ which is not positive. Then ¢ is not
essentially positive; that is, there is a Borel set 6 in [0, 1] so that A(8) = a > 0
and for some b > 0, @(¢) < — b for all ¢ in §. Choose an open set ¥ in [0, 1]
so that § C ¥ and AN(V — &) <jab. Note that for each n > 2, ¢? = 2y;;
where n = i + 2/. It follows that x,, = =%_, d,@? where 0 < d, for each n.
Hence,

2 = =
Ed,,qupndk f(px,,d)\ j‘;(pd)\+fy_8<pdk
< —ab + labllg|| = —3ab < 0.

Thus, for at least one n, (M,9,, 9,) = [ @2 d\ < 0 so the Haar functions are
total for © and the theorem is proved.

(7.3) COROLLARY. If h is a nonzero homomorphism on C, then there is a pure
state f on B (IC) such that f agrees with h on C and f is also a homomorphism
on D, the diagonal operators determined by the Haar functions.
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PrROOF. Let @ be the C*-algebra generated by C and . If A is a
homomorphism on € then by (7.2) there is an ultrafilter U on N so that
Aq[®,) agrees with A on C. Then Aq[g,] is 2 homomorphism on @ and so
there is a pure state f on % () which agrees with Ag[e,] on @.

(7.4) THEOREM. If h is a homomorphism on C then there are distinct pure
states f and g on B (IC) such that f and g both agree with h on C.

PrOOF. Define a unitary operator S on JC as follows. Let Sp, = @,,
Sp, = @y, S, = @,y if n# 2 for all j, Spys1 =@, o for j=12,....
Then S permutes the Haar functions and so is a unitary operator on JC. Note
that (Se,, ¢,) = O for all integers n. Let 8 be a Borel set with A(§) > 0. We
show that || P;SP;|| = 1. Since P, # 0, there is a homomorphism 4 of C such
that A(P;) = 1. Hence, by (7.2) there is a free ultrafilter U on N so that
Aql®,)(P,) = 1. Fix e > 0 and choose an integer n = i + 2/ so that

(Ps®n 1) = fs rdA>1—e.
Since @7 = 2/,
M[G = 1)/2,i/2] 0 8) > (1Y (1 - e).
Let
a=M[2(i — 1)/2*, 2i — 1)/2*'] n 5).
Thena + (3¥*' > 3Y(1 — €),s0a > 3Y*'(1 — 2¢). Similarly,
M[@i = 1)/2*1,2i/2* ] n 8) > (3Y (1 - 2).

Letm = 2i — 1 + 2*!, Then ¢,, and ¢, , are the Haar functions “under” ¢,
and S¢,, = @, ;- Furthermore,

| Pspnll? = fs @2 =2""a>1-2 and ||Psgn.l>> 1~ 2e

Thus,
| PsSPs@mll > | PsSPmll — | P5S(Pm — Ps®)ll

> 1Pl = 10m = Pomll > (1 = 26)'/% = (2¢)'/2.

Since € was arbitrary || P;SP;|| = 1. Let & be a homomorphism on C. Assume
that 4 has a unique state extension f, to B (3C). Then by (7.2), f, = Aq®,] for
some free ultrafilter A on JC. Hence, f,(S) =0 and by (3.2) there is a
projection Py in C so that A(P;) = 1 and || P;SP;|| <3. Since this contradicts
the first part of the proof, 4 cannot have a unique state extension to B (3().

(7.5) If {y,} is a sequence of unit vectors in L%(0, 1) with pairwise disjoint
support, then it is easy to construct a Borel set § in [0, 1] so that
(Ps¥,» ¥,) =1 for all n. Thus, Ag[y,] is not a homomorphism on € for any
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ultrafilter . Our next result shows that if for some sequence of unit vectors
{¥,} and some ultrafilter AU, A4[y,] is a homomorphism, then the supports of
the y,,’s must “overlap infinitely often”.

Recall that if A is a homomorphism on C, then there is a unique real
number q in [0, 1] such that for each open subset ¥V in [0, 1], #(P,) = 1 if and
onlyif a € V.Infacta = N {¥: V is an open interval and h(P,) = 1}. We
describe this circumstance by saying h is in the fiber over a.

THEOREM. Let {,,} be a sequence of unit vectors in L*(0, 1) and let O be an
ultrafilter on N so that Aq[y,] agrees with a homomorphism h on C. If h is in
the fiber over a and {a,} is a sequence in [0, 1] such that lim, a, = a, then

limg, [Z|¥,[* dA = 0.

PROOF. Let limgy, [%|y,|> dA = r. We show that if r > 0 then Aq[y,] is not a
homomorphism on C. Hence assume r > 0. Then either {n: a <a, < 1} €
QA or {n: 0 <a, <a} € U. Since the proof is similar in either case we shall
assume that a <a, < 1 for all n. Also, passing to (another) subsequence if
necessary we may assume that [%|y,|> dA > 3r/4 for each integer n. Choose
b, for each n so that a < b, < a, and [%|y,|* d\ =3r. We define a sequence
of integers {n,} and a sequence of real numbers {¢,} inductively as follows.
Letcy=bandn =1.1f n,<n,<--- <mcand ¢, ¢, ..., c have been
chosen, pick 7, ,, so that n, ., > n, and so that if n > n, |, then g, < ¢,. Let
Ceer =min{b,: m <n < n,,}. Note that if k > 1 and n, <n < n,,,, then
G+1<b,<a,<c¢_,. Thus, ¢, >¢;> ..., and ¢; >¢,>.... Let 6 =
{n: m, <n < n,,, k an odd integer}. Then either 6 € A or N — ¢ € 9.
Since the proof is the same in either case, assume ¢ € Q. Let k be an odd
integer. Then if n, <n < my,,,

< f “Wal dA < [*'|,* d\ = d,

Crk+1

We show that there is a Borel set &, in [c; ), ¢,_,] so that [ |¢,|* dA =34,
for n, <n < n,,. Indeed, the map p defined on the Borel subsets of
[ 1> %—1] bY 1(8) = (slbn 41 dN, . ., f5l4,, [ @A) is a nonatomic vec-
tor-valued measure. The range of u lies in a finite-dimensional vector space;
hence, by a theorem of Lyapunov [16, p. 114] the range of p is convex. Since
#3) = (0,0, ...,0) and p((cxs1s k1) = (4, 41> - - - » 4, , ), the required set
0, exists. Let § = U {§,: k an odd integer} and let y = [0, 1] — §. Then for
any n in o,

r

f x> [ 0 an =34, > £

Similarly, f,|y,]* d\ > r/8. Hence, r/8 < Aq[y,(Ps) < Tr/8, Agfy,] is not
a homomorphism on €, and the theorem is proved.
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8. Ultrafilters with special properties.

(8.1) In this section we study the state Aq[x,] where the free ultrafilter U
behaves to some degree like a principal ultrafilter. Let {7, } be a partition of
N, let o be a subset of N and let m be an integer. We say that o is m-selective
for {7} if the cardinality of ¢ N 7, is no greater than m for each integer k.
We say that o is selective for {r.} if there is an integer m so that o is
m-selective for {7, }. An ultrafilter U on N is called rare if for each partition
{7} of N into finite sets there is a set ¢ in % such that o is selective for {7, }.
An ultrafilter QL is called selective if for any partition {7} of N, there is a set
o in A which is selective for {7, }. Note that if QU is an ultrafilter and ¢ is an
element of A which is selective for the partition {7}, then there is a set p in
QL (in fact p C o) which is 1-selective for {7, }. An ultrafilter U is called a
p-point if for any partition {7, } of N there is a set 6 in U such that 6 N 7; is
finite for each k. Clearly, any principal ultrafilter is rare, selective and a
p-point. Also, it is easy to see that an ultrafilter is selective if and only if itis a
rare p-point.

Let AU be a p-point, and let {a,} be a bounded complex sequence. Then
there is a subset 0 = {n;} of N so that ¢ € U and a = limg, a, = lim; a,. For
if 9L is principal, the assertion is obvious, and if AU is a free ultrafilter then let
Tw ={n:a,=a},7,={n:|a,—a|l > 1}, and 7, = {n: 1/(k = 1) > |a, —
a| > 1/k}if k > 1. Then {7, 7, . .. } is a partition of N such that 7, & AU
for all integers k. If 7, € U, we may take o = 7. Otherwise, no set of this
partition is in A so since AU is a p-point, there is a set o in U so that e N 7,
is finite for all k. Clearly o has the desired properties.

Rudin first studied p-points in [15). Apparently, rare ultrafilters were first
introduced by Choquet in [5] and [6] where he also considered selective
ultrafilters and p-points. Selective ultrafilters have also been studied by other
authors (see [3] for example) and we are not certain where they first appeared
in the literature. For more information and further references in this regard,
see [14).

Unfortunately, it is not known if a free p-point or a free rare ultrafilter
exist, if one assumes only the usual axioms of set theory (Zermelo-Frankel
set theory plus the axiom of choice). However, existence proofs have been
given using stronger (consistent) set theories. For example, it has been shown
using the continuum hypothesis that the sets of p-points, rare ultrafilters, and
selective ultrafilters in ® N — N are distinct and that each of these sets form
a dense subset of cardinality 2¢ [15), [5], [6], [3], [14]. Furthermore, it is
conjectured in [14] that it can be shown that p-points exist in BN — N
without resorting to any hypotheses other than the usual axioms of set theory.
There is a model of set theory. however in which the only selective ultrafilters
are the principal ultrafilters [11], [14]. Hence, in order to construct a selective
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ultrafilter, one must assume something in addition to the usual axioms of set
theory.

(8.2) We continue to consider a separable Hilbert space JC with orthonor-
mal basis {e,}. As before, if 6 C N, P, is the projection of JC onto sp{e,:
n € o}. In [13] Reid showed that if QL is a rare ultrafilter, then Aqfe,] is the
unique pure state extension of the homomorphism which @ induces on %)
(the diagonal operators in the basis {e,}). In the first part of this section we
show that the technique which Reid used to prove this fact does not work in
all cases.

THEOREM. If T is an operator and {n;} is a sequence of integers then there is
a subsequence {r,} of {n;}, a compact operator K and a subset ¢ of N so that

P(T — K)P, + PX(T — K)P;* € W(r,)
where U (r,) is the von Neumann algebra defined in (6.1).

PROOF. Let ny = 0 and let P; be the projection onto sp{e,: n,_; <n < n;}
for j=1,2,.... We define the subsequence {r,} of {n} inductively as
follows. Let r; = n, and let Q, = P,. If integers ry, <r, < --:- <r, and
projections Q,, @, . . ., @, have been chosen, pick 7, ,, so that 7, ., > r,
I+ = n; for some j and

|QeT(Py + Py + - - - +B) s +|[(Pr + P+ - - - +B)*TQ ¢ < (4)S

where || - ||ys denotes the Hilbert-Schmidt norm. Let Q.,., = P, + P,
+:- +P —(Q + @, + - - - +Q). This choice is possible because each
Q. has finite rank and T(P, + P, + - - - +Pj)J' converges weakly to 0 as
J— 0. Let

K= kgl(QkT(Ql +o 4+ Q)T (O O+ +Qk+l)J-TQk)'

Then by the construction K is a Hilbert-Schmidt operator. Let ¢ = U ,{n:
rax—1 <n < ry}. Then 0y KP, = 0y T(P, — Qo) so that 0, P.(T — K)P,
= 0,,TQ,, and, similarly, P,(T — K)P,Qy = Q. TQ,;. It follows that
P,(T — K)P, € W (r,). Likewise, P,*(T — K)P,* € UW(ry).

(8.3) COROLLARY. If O is a rare ultrafilter, then for each operator T there is
a set T in U and a compact operator K so that P,(T — K)P, € 9.

Proor. Fix T in % (I() and let n, = j. By (8.2) P,(T — K)P, + P,*(T -
- K)P;- € 9 (r,) for a sequence {r,} in N, a subset o0 of N and a compact
operator K. Then either 6 € A or N — 6 € AU. Say 6 € U. Let ry = 0 and
for each integer k, let 7, = {n: r,_, <n < r,}. Then {r,} is a partition of N
into finite sets so there is a set p in QU so that p is 1-selective for {7, }. If
T =p N o,then P (T — K)P, is a diagonal operator.
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(8.4) Reid’s theorem is an easy consequence of (8.3). Indeed, let U be a
rare ultrafilter in BN — N and let hq, be the homomorphism of 9 which %
determines. To show that &4, has a unique state extension to B (9(C) it suffices
to show that % (I() is D -compressible modulo hq (by (3.2)). So let T be an
operator and fix ¢ > 0. Then by (8.3) P(T — K)P, € 9D for some 7 in U
and some compact operator K. Since K is compact there is a subset ¢ of 7
such that 7 — o is finite and ||P,KP,|| <e. Since QU is a free ultrafilter,
6 €U, |P,TP, — P(T — K)P,|| <e¢, and P(T — K)P, = P,P(T —
K)P.P, € 9. This motivates the following definition.

DEFINITION. Let @ be a C*-subalgebra of % (JC) which contains 9D and let
hq, be the homomorphism of 9 induced by the ultrafilter AU . We say that @
is strongly D -compressible modulo hq if for each T in @ and each ¢ > 0 there
is a compact operator K in @ and a subset ¢ of N with ¢ in U so
that P,(T — K)P, € 9.

The foregoing remarks show that if @ is strongly °-compressible modulo
hq, then @ is %D-compressible modulo h, and so h, has a unique state
extension to &. Also, these remarks show that if 9 is a rare ultrafilter, then
B (C) is strongly °D-compressible modulo h,. However, this is not the case
for every ultrafilter.

(8.5) THEOREM. There is an ultrafilter U on N such that B () is not
strongly D -compressible modulo h,.

PROOF. Assume to the contrary that % (JC) is strongly °)-compressible
modulo kg, for every ultrafilter A . Let T be an operator. Then for each U in
B N there is a set 0q, and a compact operator Ko so that P, (T — Kq)P,, €
). The collection { W(o4)}, where U ranges over all ultrafilters on N, is an
open cover. It follows that there is a partition {o0,,...,0,} of N and a
compact operator X so that P,(T — K)P, € % for 1 < i < n. We show that
there is a projection P in % (3() such that for each partition {o,, ..., 0,} of
N and each compact operator X, P, (P — K), & % for at least one integer i.
Let P be a projection such that lim,(Pe,, e,) = 0 and P has infinite rank. (For
example, let O, be the n X n matrix each of whose entries is n~' and let
P=3® Q,) Let {0,,...,0,} be a partition of N and let X be a compact
operator. Assume that P,(P — K)P, € D for 1 <i < n. We show that then
P is a compact operator, contradicting the fact that the rank of P is infinite
and, thus, establishing the theorem. Since K is a compact operator

lim,(Ke,, e,) = 0. Let D; = P,(P — K)P, for 1 <i < n. Then lim,(D;e,, €,)
= 0 and D; is compact fori = 1, 2, ..., n. Hence, P, PPo; = P,KP, + D; is
a compact operator fori =1,...,n. Let R, = P, fori =1,2,..., n. Then
P =3, RPR,so RPR;, = RP°R, = Z; R.PR;PR, is a compact operator for
each i. Since R,PR;PR; > O for all i and j, R,PR;PR; is a compact operator
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for all i and j and, hence, R,PR; is a compact operator for all i and j
(R,PRPR; = (R;PR)*(R;PR)) so that P = 3, R, PR, is a compact operator.

(8.6) REMARK. It can be shown (assuming the continuum hypothesis) that
there is a free ultrafilter A which is not rare, but such that B (3() is strongly
) -compressible modulo hg. The proof is fairly long, however, so we merely
present an outline. Fix a partition {7,} of N into finite, but unbounded
intervals. If T is an operator with 0 diagonal and 7 is a subset of N which is
not selective for {7,}, then there is a subset o of 7 which is not selective for
{7} but so that P, TP, is a compact operator. Well-order all operators and all
subsets of N as {7,} and {p,}, respectively, where a runs through the
countable ordinals (continuum hypothesis). A collection o, of subsets of N is
constructed by transfinite induction. At the ath step of the construction we
assume that for all ordinals 8 < a sets g5 have been selected so that:

(i) o4 is not selective for {7, }.

(ii) Either a5 C pg orog C N — pg.

(iii) The sets { W(o,)} are decreasing for all y < B.

@iv) P (Tg — Kp)P, € ) for some compact operator K.

Since there are only a countable number of 8’s less than a, by (i) and (iii) it is
possible to construct an infinite set 7, such that all but a finite number of
elements of 7, belong to each g, 7, is not selective for {7} and either 7, C p,
or 7, C N — p,. Let D, be the diagonal of T,. Then there is a subset o, of 7,
so that P, (T, — D,)P, = K,, a compact operator and o, is not selective for
{me}-

(8.7) We say that a state f on B (IC) has the continuous restriction property if
there is a maximal abelian subalgebra ® of % (3() which is unitarily
equivalent to C (as defined in §7) and such that f is a homomorphism on %.
We say that f has the discrete restriction property if there is a maximal abelian
subalgebra % of B (IC) which is unitarily equivalent to ) and such that f is
a homomorphism on %. Recall that any maximal abelian subalgebra of
B (9C) is unitarily equivalent to D, C, C ® D, or C @ T where J is the
finite dimensional analogue of 9. It follows that if a state f on B (J(C) is a
homomorphism on a maximal abelian subalgebra of B (9C), then f has either
the continuous restriction property or the discrete restriction property. By
(7.3) there are pure states on % () which have both the continuous restric-
tion property and the discrete restriction property. We now show that pure
states given by selective ultrafilters have the discrete restriction property but
do not have the continuous restriction property.

(8.8) THEOREM. If AU is a p-point and {x,} is a sequence of unit vectors in
JC, then Aq[x,) does not have the continuous restriction property.

PROOF. Suppose that Ay[x,] is a homomorphism on a maximal abelian
subalgebra ® of B (I() and that SBS* = C for some unitary transforma-
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tion S of IC onto L%(0, 1). Let y,, = Sx, for each n. Then Ay[y,] agrees with
a homomorphism 4 on C, where 4 is in the fiber over a for some a in [0, 1].
Assume that @ < 1 and h(P, ;) = 1. The proof in the other cases is the same.
Then passing to a subsequence if necessary, we may assume that f}|y,[> dA >
3/4, for all n. Choose a, so that [#|,[> d\ =1. Since AU is a p-point, as we
noted in (8.1) there is a subset o = {n;} of N with 6 in @ such that
limg a, = lim; @, = a'. If a <a’ then Aq[y, (P, ») =1 and Aqfy,] is not a
homomorphism on €. So suppose a = a’ and let a, = a, if n € 0, a, = a if
n & o. Then lim, a, = a and limg [%|y,[> dA =3 so that Aq[y,] is not a
homomorphism on © by (7.5). Hence, % is not unitarily equivalent to C and
the theorem is proved.

(8.9) COROLLARY. If A is a selective ultrafilter, then Ag[e,) is a pure state
with the discrete restriction property which does not have the continuous restric-
tion property.

PROOF. As we noted in (8.1), if QU is selective, then U is a rare p-point.
Hence, Aqfe,] is a pure state on B (I() (by Reid’s theorem) which clearly has
the discrete restriction property, but since % is a p-point Agle,] does not have
the continuous restriction property by (8.8).

(8.10) REMARK. In fact if QU is a selective ultrafilter and {x,} is a sequence
of unit vectors such that x, — O(?U), then it can be shown that there is an
orthonormal basis { f,} for JC such that Aq[x,] = Ag]f,]. Hence, Ag[x,] is a
pure state with the discrete restriction property which does not have the
continuous restriction property.

(8.11) REMARK. Alexander Kechris has pointed out that the statement:
“® () is orthogonally ) -compressible” is what is known as a IT} statement.
(Roughly speaking, a IT} statement is one of the form: “For every real
number there exists a real number such that 4”, where A does not involve
any further quantification over the reals.) By the Shoenfield absoluteness
lemma [19], if such a statement can be proved (or disproved) assuming the
continuum hypothesis, then it can be proved (or disproved) without this
assumption.
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